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5 Angle Modulation: FM and PM

5.1. We mentioned in 4.2 that a sinusoidal carrier signal

A cos(2πfct+ φ)

has three basic parameters: amplitude, frequency, and phase. Varying these
parameters in proportion to the baseband signal results in amplitude mod-
ulation (AM), frequency modulation (FM), and phase modulation (PM),
respectively.

5.2. As usual, we will again assume that the baseband signal m(t) is band-
limited to B; that is, |M(f)| = 0 for |f | > B.

As in the AM section, we will also assume that

|m(t)| ≤ mp.

In other words, m(t) is bounded between −mp and mp.
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Definition 5.3. Phase modulation (PM ):

xPM (t) = A cos (2πfct+ φ+ kpm (t))

Definition 5.4. The main characteristic22 of frequency modulation (FM)
is that the carrier frequency f(t) would be varied with time so that

f(t) = fc + km(t), (64)

where k is an arbitrary constant.

• The arbitrary constant k is sometimes denoted by kf to distinguish it
from a similar constant in PM.

Example 5.5. Figure 28 illustrates the outputs of PM and FM modulators
when the message is a unit-step function.158 Chapter 4 ∙ Angle Modulation and Multiplexing
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Comparison of PM and FM modulator
outputs for a unit-step input.
(a) Message signal. (b) Unmodulated
carrier. (c) Phase modulator output
(!" =

1
2
#). (d) Frequency modulator

output.

where Re(⋅) implies that the real part of the argument is to be taken. Expanding $%&(') in a
power series yields

()(') = Re
{
*)

[
1 + %&(') − &2(')

2! −⋯
]
$%2#+)'

}
(4.11)

If the peak phase deviation is small, so that the maximum value of |&(')| is much less than
unity, the modulated carrier can be approximated as

()(') ≅ Re[*)$%2#+)' + *)&(')%$%2#+)']

Taking the real part yields

()(') ≅ *) cos(2#+)') − *)&(') sin(2#+)') (4.12)

The form of (4.12) is reminiscent of AM. The modulator output contains a carrier com-
ponent and a term in which a function of ,(') multiplies a 90◦ phase-shifted carrier. The
first term yields a carrier component. The second term generates a pair of sidebands. Thus,
if &(') has a bandwidth - , the bandwidth of a narrowband angle modulator output is 2- .
The important difference between AM and angle modulation is that the sidebands are pro-
duced by multiplication of the message-bearing signal, & ('), with a carrier that is in phase

Figure 28: Comparison of PM and FM mod-
ulator outputs for a unit-step input. (a) Mes-
sage signal. (b) Unmodulated carrier. (c)
Phase modulator output (d) Frequency mod-
ulator output. [14, Fig 4.1 p 158]

22Treat this as a practical definition. The more rigorous definition will be provided in 5.15.
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• For the PM modulator output,

◦ the (instantaneous) frequency is fc for both t < t0 and t > t0

◦ the phase of the unmodulated carrier is advanced by kp = π
2 radians

for t > t0 giving rise to a signal that is discontinuous at t = t0.

• For the FM modulator output,

◦ the frequency is fx for t < t0, and the frequency is fc+fd for t > t0

◦ the phase is, however, continuous at t = t0.

Example 5.6. With a sinusoidal message signal in Figure 29a, the frequency
deviation of the FM modulator output in Figure 29d is proportional to
m(t). Thus, the (instantaneous) frequency of the FM modulator output is
maximum when m(t) is maximum and minimum when m(t) is minimum.

4.1 Phase and Frequency Modulation Defined 159
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Figure 4.2
Angle modulation with sinusoidal messsage signal. (a) Message signal. (b) Unmodulated carrier. (c)
Output of phase modulator with !("). (d) Output of frequency modulator with !(").

quadrature with the carrier component, whereas for AM they are not. This will be illustrated in
Example 4.1.

The generation of narrowband angle modulation is easily accomplished using the method
shown in Figure 4.3. The switch allows for the generation of either narrowband FM or narrow-
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Figure 4.3
Generation of narrowband angle modulation.

Figure 29: Different modulations of sinu-
soidal message signal. (a) Message signal. (b)
Unmodulated carrier. (c) Output of phase
modulator (d) Output of frequency modula-
tor [14, Fig 4.2 p 159 ]

The phase deviation of the PM output is proportional to m(t). However,
because the phase is varied continuously, it is not straightforward (yet) to
see how Figure 29c is related to m(t). In Figure 32, we will come back to
this example and re-analyze the PM output.
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Figure 5.1–2 Illustrative AM, FM, and PM waveforms.

212 CHAPTER 5 • Angle CW Modulation

carrier amplitude, we modulate the frequency by swinging it over a range of, say,
�50 Hz, then the transmission bandwidth will be 100 Hz regardless of the message
bandwidth. As we’ll soon see, this argument has a serious flaw, for it ignores the dis-
tinction between instantaneous and spectral frequency. Carson (1922) recognized
the fallacy of the bandwidth-reduction notion and cleared the air on that score.
Unfortunately, he and many others also felt that exponential modulation had no
advantages over linear modulation with respect to noise. It took some time to over-
come this belief but, thanks to Armstrong (1936), the merits of exponential modula-
tion were finally appreciated. Before we can understand them quantitatively, we
must address the problem of spectral analysis.

Suppose FM had been defined in direct analogy to AM by writing xc(t) � Ac cos vc(t) t
with vc(t) � vc[1 � mx(t)]. Demonstrate the physical impossibility of this definition by
finding f(t) when x(t) � cos vmt.

Narrowband PM and FM
Our spectral analysis of exponential modulation starts with the quadrature-carrier
version of Eq. (1), namely

(9)

where

(10)xci1t 2 � Ac cos f1t 2 � Ac c1 �
1

2!
 f21t 2 � p d

xc1t 2 � xci1t 2  cos vct � xcq1t 2  sin vct

EXERCISE 5.1–1
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Figure 30: Illustrative AM, FM, and PM waveforms. [3, Fig 5.1-2 p 212]

Example 5.7. Figure 30 illustrates the outputs of AM, FM, and PM mod-
ulators when the message is a triangular (ramp) pulse.

To understand more about FM, we will first need to know what it actually
means to vary the frequency of a sinusoid.
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